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We extend from the massless to the massive case the canonical conformal
mapping of solutions of wave equations in two-dimensional Minkowski space
M0 into the universal cover M of the conformal compactification M of M0 . There
is a continuous Poincare -covariant map from the space of solutions of the
KleinGordon equation in M0 to the dual of the space of analytic vectors for the
action of the conformal group G&SU(1, 1)_SU(1, 1) on massive fields in M . The
extensions satisfy a corresponding wave equation in M . As in the case of massless
equations, the extended solutions are periodic under the generator ‘ of the infinite
cyclic center of the conformal group G in M .
The analysis involves the determination of the action of the chronometric
temporal evolution, i.e., the one-parameter group of nonlinear transformations
generated by the center of the maximal essentially-compact subgroup of G on the
Fourier transforms of wave functions in Minkowski space. The analytic continua-
tion of this evolution to complex times of positive imaginary part is represented by
a HilbertSchmidt operator whose kernel is determined in closed form. Fields of
higher conformal weight associated with other discrete series representations of G
are also treated in this respect.  1998 Academic Press
1. INTRODUCTION
Massless wave equations are typically conformally covariant, and it appears
natural that they should canonically extend to a conformally invariant space.
But conventional massive wave equations,the KleinGordon, Dirac, etc.
are not invariant under scaling, let alone general conformal transformations,
and so have been considered incapable of such extension. It was shown
in [79], however, that when the totality of possible masses is considered,
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the resulting spaces of scalar and spinor fields on Minkowski space M0
(i.e., direct integral over all masses) extends canonically to a corresponding
space of fields on the universal cover M of the conformal compactification
of M0 . This extended space, the universal cosmos, moreover shows a period-
icity in time similar to that in the case of massless fields. This periodicity has
been an essential point in the demonstration of convergence for nonlinear
quantum field theories in M [11, 1617].
Thus, mass packets in M0 are equivalent to packets in the universal
cosmos via covariant, locality-preserving mappings. The respective notions
of mass in the two spaces are distinct, although the difference, as in the
respective local notions of time in M0 and M , is a second-order effect, and
would be expected to be probably unobservably small on a microphysical
scale. In any event, mass packets represent a more realistic description of
many observed particles than a sharp-mass wave function, since all but
a few particles are observed to have a nonzero mass ‘‘width.’’ However,
conventional physical formalism and analysis are based on sharp-mass
wave functions, which correspondingly play an essential role in the correlation
of theory with experiment.
This raises the question of whether and how sharp-mass wave functions
in M0 may extend to M . We show here that in the basic case of the Klein
Gordon equation in two space-time dimensions, they in fact do extend and,
moreover, the extended wave functions are time-periodic, as in the case of
mass packets. Extension to four space-time dimensions involves further
developments regarding Bessel functions of matrices similar to those of
Gross et al. [5].
The extensions, however, can not be realized as distributions, but require
analytic test functions. These may be covariantly formulated as analytic
vectors for the action of G (realized as SU(1, 1)_SU(1, 1) on massive
fields in M , or of the universal cover G of G on M . The reduced local
regularity property of the extensions is understandable from the fact that
the operators in M0 , in terms of which regularity is formulated, are some-
what softer than the corresponding operators in M . For example, analytic
vectors for the Poincare subgroup P0 in unitary positive-energy representa-
tions of G are not in general analytic for the conformal group.
The correlation of the harmonic analysis of the conformal group on M
with that of P0 on M0 , which is involved in the foregoing, is made difficult
by the absence of any class of vectors that transform simply under both
groups. In particular, because of the nonlinearity (as well as singularity)
of the action of G on M0 , its corresponding global action on Fourier
transforms of wave functions is generically by singular integral operators,
whose precise form has been an open question. These operators are here
determined in an analytically explicit closed form in the basic case of the
action on positive-energy wave function of the central one-parameter
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subgroup of the maximal essentially compact subgroup of G. This subgroup
represents chronometric temporal evolution, which has been proposed to
be physically more fundamental than its Minkowskian counterpart [12, 13].
Empirical cosmic implications appear consistent with observation, e.g., [14]
et seq., but correlation with microscopic experiment of the predictions of
this proposal requires the explicit determination of the action of chronometric
temporal evolution on conventional wave functions in momentum space.
The expressions given here for the two-dimensional case are likely to apply
in appropriately modified form in four dimensions.
2. TECHNICAL PRELIMINARIES
We use the notation and results in conformal harmonic analysis of the
series of papers [710]. The group generated by the conventional connected
Poincare group P0 together with dilatations or scale transformations
(sometimes called the Weyl group) will be denoted as P.
Although (the Lie algebra of) the conformal group G operates in a
smooth infinitesimal way on M0 , the exponentials of the corresponding
vector fields are generically only locally defined. As a consequence, the
global action of a conformal transformation g on a point of M0 is not a
priori defined. However, G operates on M as a smooth transformation
group, and its infinitesimal action covariantly extends the infinitesimal
action of G in M0 . In global terms, only the subgroup P (the 2-fold cover
of P) in G leaves invariant M0 as imbedded in M .
As shown in [8], the homogeneous vector bundle on M induced from
a finite-dimensional representation of P to an infinite-dimensional represen-
tation of G may be parallelized by group translations in M in its realization
as the Lie group R1_SU(2), or, alternatively, by vector translations in M0 .
We distinguish these respective parallelized forms, known as ‘‘curved’’ and
‘‘flat,’’ by the subscript ‘‘o’’ for the flat form, which is defined only on M0 .
A priori these bundle sections are C sections, but certain subspaces are
transformed pre-unitarily under G or G, and may be given corresponding
complex Hilbert space structures after completion. In particular, H will
denote the complex Hilbert space of sections of the scalar bundle in M0 of
conformal weight 1, which in the flat parallelization is concretely represented
by L2(M0)#H0 , with respect to the usual euclidean (Lorentz-invariant)
measure on M0 . The unitary representation of G on H, which is trivial on
the center of G and so may be regarded as a representation of G, is equivalent
to its representation on a corresponding space of sections in the curved
parallelization. We denote as S0(g) (resp. S(g)) the unitary transformation
corresponding to the element g of G in its action in the flat (resp. curved)
parallelizations via the scalar representation of G of conformal weight 1.
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The formal expression for the action of S0(g) on an arbitrary function f in
H0 takes the form, S0(g): f (x)  f (g&1x) J(g&1)12, where J(T ) denotes the
Jacobian of the transformation T, and the square root is chosen here so
that the result is an algebraic function of g and x. This is rigorously
applicable only when g is in P. It can however be adapted to a well-defined
action of G on L2(M0) because the effective singularities form a set of
measure zero. But it is simpler to define S0 rigorously as the transform of
S via the natural unitary equivalence of H0 with the corresponding Hilbert
space H of scalar sections of the same weight in M that derives from the
canonical imbedding of M0 into M (e.g., [8, 11]). This unitary equivalence
transforms the action of P via S0 into its action via the restriction to P of
the representation of G on H. Thus singularities in the action of G on M0
are removed by the extension of the action to M , and these singularities
have no effect modulo sets of measure zero in the corresponding action of
G on H0 .
We use Nelson’s theory of analytic vectors, as applied to generalized
classes of vector by Goodman [4, 6]. It will follow from the unitary,
positive-energy, and irreducible character of the representations of the
semisimple group G involved here that the analytic vectors for the whole
group are the same as those for the chronometric energy generator. In
the following we shall therefore by primarily concerned with the form of
semigroups generated by this operator.
3. EXTENSION OF WAVE FUNCTIONS
To treat the extension of solutions of the KleinGordon equation, we
must define what is meant by the KleinGordon equation on M , and the
sense in which a solution of the latter equation extends one of the former.
In M0 , the KleinGordon equation serves to pick out the scalar fields of
a given mass m. The Minkowski mass is represented by the d’Alembertian,
or more generally, is an eigenvalue of the mass operator, which for a
bundle transforming according to the representation R of P, takes the form
dR(D), where D=T 2o&T
2
1&T
2
2&T
2
3 , and Tj is the element of the Lie
algebra of P that normally acts on M0 as xj ( j=0, 1, 2, 3).
Accordingly, the KleinGordon equation for a C wave function ,0 , i.e.,
section of the scalar bundle on M0 , can be given in the form
dS0(D) ,0+m2,0=0.
To define the KleinGordon equation on M we use the parallel procedure
with the replacement of the flat parallelization of the scalar bundle given by
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S0 by the curved parallelization represented by S. Thus the equation takes
the form
dS(D) ,+m2,=0,
where , is a function on M representing a smooth section of the scalar
bundle. But it is not clear a priori whether solutions of this equation exist.
In fact, in general they do not, for given smooth Cauchy data at initial
time 0. This can be understood intuitively from the formal relation between
,0 and its extension to M : , | M0 =q&1,0 , where q is a fixed function that
vanishes on the boundary of M0 as imbedded in M . This creates singularities
that wash out in the unitary correspondence between the flat and curved
presentations of the full scalar bundle section spaces, but are severe in the
infinitesimal subspace defined by the KleinGordon equation on M .
To obtain solutions in a well-defined function space, regularity requirements
must be adapted to the context. In general neither functions nor distributions
are adequate for an invariant treatment, but suitably analytic test functions
suffice. To develop such test functions, we exploit conformal invariance and
the underlying concept that the solution manifold of the KleinGordon
equation basically represents an infinitesimal Poincare -invariant subspace
of a unitary representation of the conformal group in an L2 space over
configuration space.
More specifically, let A0 denote the space of analytic vectors for the
action U0 of G on H0 (=L2(M0 )), in its natural topology, in which
convergence un  0 means that for every generator X in the Lie algebra of G,
exp(= dU0(X)) un  0 in H0 for sufficiently small =. A vector in the dual
space will be called a dual-analytic vector. The space A+0 of all such
vectors has a natural topology according to which convergence n  0
means that for every X in G, exp(&= dU0(X)) n  0 for all =>0. Because
of the unitary equivalence of the representations U0 on H0 and U on H,
the corresponding spaces A and A+ in H are unitarily equivalent to A0
and A+0 . An extended solution of the KleinGordon equation may be
defined in either case as a dual-analytic vector satisfying the equation in
Lie-theoretic form;
dU0(D) ,0+m2,0=0, or dU(D) ,+m2,=0.
in the cases of H0 and H, respectively. If ,0 is an extended solution of the
KleinGordon equation relative to H0 , then the corresponding dual-analytic
vector , is automatically a dual-analytic vector for H.
The extension question for given conventional solutions of the Klein
Gordon equation in M0 then largely reduces to showing that such solutions
can be identified with extended solutions. Having extended a solution from a
dual-analytic vector for U0 to one for U, the extended solution may be further
extended to all of M by conformally covariant lift-up. To this end we first
develop these considerations in a one-dimensional context.
554 SEGAL AND ZHOU
File: DISTL2 324106 . By:CV . Date:18:05:98 . Time:11:00 LOP8M. V8.B. Page 01:01
Codes: 2936 Signs: 2043 . Length: 45 pic 0 pts, 190 mm
4. PSEUDO-ANALOG IN ONE DIMENSION
Conformal harmonic analysis in two dimensions may be represented as
the direct product of two copies of conformal analysis in one dimension, as
in [7]. The one-dimensional spaces in question represent neither space nor
time but the characteristic parameters x0\x1 , so they are not a one-dimen-
sional Minkowski space in the physical sense: the mathematical context,
however, is in many respects quite similar. Accordingly, we first treat the
analogous problem to that described above in the one-dimensional case.
The results will then be applied in two dimensions and in later work in four
dimensions.
It will be suggestive to use the notation M0 (1) for the present one-dimen-
sional space (for x0\x1). The analog of H is here L2(R), and the analog
of G is SL(2, R). The conformal compactification M 0 (1) is conformally
equivalent to S1, or the reals mod 2?, and the canonical imbedding of
M0 (1) into S 1 may be expressed as u  (1+ 12 iu)(1&
1
2 iu)=e
i%. Inverting
this equation, u=2 tan 12 %. The universal cover of M 0 (1) is conformally
equivalent to R; to distinguish it from the open submanifold M0 (1) we may
denote it as R*. The covering transformation takes the form %  ei%, or
%  % mod 2?, % # R*.
Now regarding R* as the one-dimensional universe, chronometric tem-
poral evolution through time s takes the form %  %+s. In M0 (1), this
takes the form
Es : %  (%+s$)(1& 14 %s$); s$=2 tan
1
2 s.
The Jacobian of Es takes the form Js(u)=(1& 12us$)
2 sec2 12s. The formal
induced unitary action S0(Es) of this transformation takes the form
F(u)  F[(u&s$)(1+ 14us$)](Js(u))
12.
Because solutions of linear relativistic wave equations appear simplest in
momentum space, especially in relation to observed quantities, it is important
to determine the operator
Es=F&1S0(Es) F
where F denotes the operation of forming the Fourier transform:
F(u)  (2?)&12 | exp(iuv) F(v) dv (#F 7(u)).
Here the integration is over all of R, but it is clear from conformal
harmonic analysis that Ts will be highly singular as an integral operator
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except when applied to wave functions that are either positive- or negative-
frequency. However, solutions of the KleinGordon equation are primarily
of this character (or direct sums of such), and we confine our attention to
such cases.
To make explicit the intertwining relations between wave functions on
Minkowski and on conformal space, we refer to the analysis in [7, 8]. If
 is a section of the scalar bundle of weight w on S1, the corresponding
section 0 on R takes the form
0(x)=cos2w %(%),
where
ei%=(1+ 12 ix)(1&
1
2 ix), x=2 tan
1
2 %.
In the references, the analog to the present group G is formulated as the
group G$=SU(1, 1) of all complex matrices of the form g$=Ae11+Be12
+B*e21+A*e22 , where the eij are the usual matrix units, such that
AA*&BB*=1. SU(1, 1) is homomorphic to the group SL(2, R) of all real
2_2 matrices g=ae11+be12+ce21+de22 (henceforth we use the notation
[a, b, c, d] for this matrix) of unit determinant. This homomorphism is
defined by the equations [8, p. 84]:
a= 12 (A+A*&B&B*), b=&i(A&A*+B&B*),
c= 14 i(A&A*&B+B), d=
1
2 (A+B+A*+B*).
G$ acts on S1 via the map g$: ei%  (Aei%+B)(B*e i%+A*). We denote as
g$0(s) the element of G$ for which A=exp(is2) and B=0. The action of
g$0(s) carries ei% into ei(%+s). The homomorphism of G$ onto G carries g$0(s)
into the one parameter group g0(s) in SL(2, R) given by the equation
g0(s)=[cos 12s, 2 sin
1
2s, &12 sin
1
2s, cos
1
2s].
The usual action of G on the reals R, x  (ax+b)(cx+d), will be denoted
as Tg or (g, x)  gx. We denote the function (1+ 12 ix)(1&
1
2 ix)) as e(x),
e(x)n as en(x) and en(x)(1& 12 ix)
&; as f (;)n (x), for arbitrary integers n and
non-negative integers ;.
Theorem 1. Let U;(g) denote the linear transformation on the linear
span L; of the f (;)n :
f (x)  f (g&1(x))(&cx+a)&;
where g=[a, b, c, d]. For arbitrary X in the Lie algebra G of G, let u;(X)
denote (dds)| s=0 U;(exp sX). Then
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(i) u; is a representation of G on L; and
(ii) for all n and ;,
U;(g0(s)) f (;)n (x)=exp[&is(n+
1
2;)] f
(;)
n (x).
Proof. Note that G is generated as a Lie group by the subgroup g0(s)
together with the subgroup g1(s), where g1(s): x  x+s. To show the
invariance of L; under u;(G) it accordingly suffices to show that: (a) it is
invariant under the generator ddx of the latter group; (b) the f (;)n are
eigenfunctions of the U;(g0(s)). Now
(ddx) f (;)n (x)= f
(;)
n&1(x)[i(1&
1
2 ix)
2]+ f (;)n (x)[
1
2 i(1&
1
2 ix)].
Noting that (1& 12 ix)
&2 and (1& 12 ix)
&1 may be expressed as linear combina-
tions of the ej (x) for j=0, 1, 2, the invariance under ddx follows.
It is immediate that U0( } ) is a representation of G, and that U0(g)
is a multiplicative operator for all g. Replacing s by &s shows that
g0(s)&1=[cos 12s, &2 sin
1
2s, 12 sin
1
2 s, cos
1
2s]. It follows by simple com-
putations that U0(g0(s)) carries e(x) into e&ise(x), whence en(x) is
carried into e&insen(x), and carries 1& 12 ix into e
(12) is(1& 12 ix)(&cx+a),
where g0(s)=[a, b, c, d]. It follows that U;(g0(s)) carries f (;)n (x) into
exp[&i(n+ 12;) s] f
(;)
n (x).
As prototype and example, we begin with the case ;=1, which represents
a one-dimensional model for massive scalar fields. All integrals are over all of
R unless otherwise indicated, and complex conjugation is denoted as *.
Theorem 2. The U1(g) are pre-unitary on the pre-Hilbert space consisting
of L1 with the inner product ( f, g)= f (x) g(x)* dx. L1 is dense in H#L2(R),
and the extension of U1(g) to all of H is a continuous unitary representation
of G having two irreducible components, consisting of the restrictions to the
positive and negative frequency subspaces.
Lemma 2.1. The functions fn(x)=(2?)&12 f (1)n (x) form an orthonormal
set in L1 .
Proof. Note first that fn*=f&(n+1) :
fn(x)*=(2?)&12 [(1& 12 ix)(1+
1
2 ix)]
n (1+ 12 ix)
&1
=(2?)&12 [(1+ 12 ix)(1&
1
2 ix)]
&n
_[(1+ 12 ix)(1&
1
2 ix)]
&1 (1& 12 ix)
&1.
557CONFORMAL EXTENSION OF WAVE FUNCTIONS
File: DISTL2 324109 . By:CV . Date:18:05:98 . Time:11:00 LOP8M. V8.B. Page 01:01
Codes: 2550 Signs: 1529 . Length: 45 pic 0 pts, 190 mm
For arbitrary n and m,
( fn , fm)=(2?)&1 | en(x)(1& 12 ix)&1 e&(m+1)(x)(1& 12 ix)&1 dx
=(2?)&1 | en&m&1(x)(1& 12 ix)&2 dx.
If n>m, the last integrand extends to a complex analytic function of z in
the upper half-plane, and is O( |z|&2) as |z|  . It follows by contour
integration that the integral vanishes. When n=m the expression becomes
( fn , fn)=(2?)&1 | (1+ 14 x2)&1 dx=1.
Lemma 2.2. The fn span H.
Proof. Let A denote the algebra of functions on R that is spanned by
the en(x), for all integrals n. Then A is closed under complex conjugation,
and contains 1. Moreover, the elements of A extend uniquely to the one-
point compactification of R, since they have equal limits as x  \. By
the StoneWeierstrass theorem. A is uniformly dense in the algebra of all
continuous functions on R having equal limits as x  \.
In particular, if g is an arbitrary continuous function on R of compact
support, then g(x)(1& 12 ix) is a uniform limit of a sequence of functions in A. Let
= be arbitrary in (0, 1) and choose h in A such that |h(x)& g(x)(1& 12 ix))|<=,
for x in R. If g(x) vanishes for |x|>T, then
| | f (x)(1& 12 ix)&1& g(x)|2 dx=A+B,
A and B denote the integrals over the respective ranges |x|<T and |x|>T.
Now A |x|T =
2(1& 12 ix)
&2 dx<2T=2,
B|
|x| >T
(&g&+1)2 |1& 12 ix|
&2 dx(&g&+1)2 cT ,
where cT  0 as T  . It follows that g can be approximated arbitrarily
closely in H by a linear combination of the fn(x).
Lemma 2.3. Let H\ denote the subspaces of H spanned respectively for
n0 and n&1 by the fn . Then U1(G) leaves each of H\ invariant, and
is irreducible on each.
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Proof. The fn for n0 have bounded complex analytic extensions to
the lower half-plane, and the fn for n&1 have such extensions to the
upper half-plane. G acts as a transformation group on each half-plane, and
leaves invariant the class of bounded analytic functions in each half-plane.
Thus each of H\ is invariant.
To show irreducibility is equivalent to showing that if A is an element of
B(H\) that commutes with all U1(g), then A is a scalar. To this end,
consider the effect of the Fourier transformation F on U1 , i.e., the represen-
tation F&1U1( } ) F. The transformations x  x+s are represented by multi-
plications by exponentials eisy, where y denotes the dual variable to x
(frequency) and the only operators in B(H) commuting with all of these
are multiplications Mk by bounded measurable functions k. The transfor-
mations x  ax (a>0) are implemented by the transformations y  a&1y
in terms of frequency. It follows that if Mk commutes with the corre-
sponding actions via U1 , then k( y)=k(ay) for all y, i.e., k( y) is constant
in each range \y>0. Thus the only invariant subspaces are those already
noted. K
An explicit form for the Fourier transform F&1U1F is needed for applica-
tions to harmonic analysis and particle modeling. Because of the nonlinearity
of generic transformations in G, a simple closed form for the kernel of this
operator does not necessarily exist. It will be determined here for the basic
case of the group g0(s), which includes conformal inversion x  &4x. The
underlying integrals may be evaluated explicitly by applying contour
integration to the generating function for Bessel functions. However, it will
be more convenient to base the argument on a close association with
Laguerre functions. It will suffice by symmetry to consider the case of H&.
We use the notation and terminology of [18] regarding Laguerre polynomials.
This section involves only the Laguerre polynomials L(0)n (x) of index 0, which
we denote as Ln(x). We define the associated Laguerre function ln(x) as
exp(&12x) Ln(x), and recall that the [ln] form a complete orthogonormal set
in L2(0, ). (More generally, we define, for later use, the associated Laguerre
functions [l (:)n (x)] by the following equations:
l (:)n (x)=[1(:+1) B(n+:, n)]
&12 e&12xx:L (:)n (x) (x0);
=0, x<0; n=0, 1, 2, ..., ; :>&1.
where B(a, b) denotes the binomial coefficient, a over b. For any fixed
non-negative integral : the restrictions of the Laguerre functions to the
range x0 form a maximal orthonormal set in L2(0, ; dxx:).)
We denotes as U &1 the representation of G obtained by restriction of the
U1(g) from H to H&, and set H for the selfadjoint generator of U &1 (g0(s)).
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Theorem 3. If Re(s)>0, esH is a HilbertSchmidt operator, whose
kernel in momentum space (i.e., F&1esHF ) takes the form
Ks( y, z)=(2sinh 12s) exp[&2( y+z) coth
1
2s] J0[4i( yz)
12 sinh 12s].
Proof. As shown above, H has simple spectrum with eigenvalues [n+12;
n=&1, &2, ...], which implies that esH is HilbertSchmidt if Re(s)>0.
Lemma 3.1. The Fourier transform of f&n&1(x) is the function 2(&1)n ln(4y).
Proof. The generating function g(x, w)=n=0 f&n&1(x) w
n of the fn for
n<0 takes the form
(2?)&12 (1+ 12 ix)
&1 [1&w[(1& 12 ix)(1+
1
2 ix)]]
&1
=(2?)&12 [(1&w)+ 12 ix(1+w)]
&1.
The Fourier transform g7( y, w) of g(x, w) with respect to x vanishes for
y<0 since g(x, w) has a bounded analytic extension to the lower half-plane
Im(x)<0. For y>0, noting that by contour integration, for constants A
and B for which AB is not real,
| exp(ixy)(A+Bx)&1 dx=2?iB&1 exp(&iAB&1y).
It follows that
g7( y, w)=(2?)&12 (2?)&12 | eixy[(1&w)+ 12 ix(1+w)]&1 dx
=2(1+w)&1 exp[&2y(1&w)(1+w)].
On the other hand, the generating function of the Laguerre functions is
e&y2 :

n=0
Ln( y) un=(1&u)&1 e&y2 exp[&yu(1&u)]
=(1&u)&1 exp[&y(1+u)2(1&u)]
#F( y, u).
It follows that
g7( y, w)=2F(4y, &w)=2 :

n=0
(&w)n ln(4y),
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whence
f 7&n&1( y)=2(&1)
n ln(4y). K
To conclude the proof of Theorem 3, we note that the momentum-space
eigenfunctions of H are the 2(&1)n ln(4y), i.e., the Fourier transforms of
the f&n&1(x), which are eigenfunctions of H of eigenvalue &(n+12).
Accordingly the momentum-space kernel for esH takes the form
Ks( y, z)=4 :

n=0
e&s(n+12)ln(4y) ln(4z)
=4e&(12)se&2( y+z) :

n=0
wnLn(4y) Ln(4z),
where w=e&s. Using Theorem 3.1 of [18] it follows that
Ks( y, z)=2e&(12)se&2( y+1)(1&w)&1
_exp[&4( y+z) w(1&w)] J0(8i( yz)12 w12(1&w)).
Noting that 2e&(12)s(1&w)&1=1sinh 12s, 2( y+z)+4( y+z)(1&w)
&1=
2( y+z)tanh 12s, and that 2w
12(1&w)=(sinh 12s)
&1, this reduces to
2(sinh 12s)
&1 exp[&2( y+z) coth 12s] J0(4i( yz)
12sinh 12s)
as given above. K
Corollary 3.1. In the momentum space representation, U \1 (g0(t)) is
expressible by the singular integral kernel K&it( y, z):
U\1 (g0(t)): f ( y)  lim
=  0 | K=&it( y, z) f (z) dz ( f # L2(0, \)).
In particular, the transformation x  &(4x) in G representing inversion,
acts via U \1 in the momentum space representation by the kernel K&i?( y, z).
Proof. The integral expression for U1(g0(t)) follows immediately from
self-adjoint operator considerations. Conformal inversion, x  &(4x), is
g0(?) in the notation above.
Example. The semigroup character of the group [e&sH] provides a
group-theoretic interpretation of the well-known result of Weber [19,
Section 13.31]. The semigroup property is equivalent to the equation
| Ks(x, y) Kt( y, z) dy=Ks+t(x, z),
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which we consider for x, y, z in [0, ), i.e., in the case of H+; s and t are
arbitrary positive numbers.
The integrand takes the form
(2sinh 12 s) e
&2(x+ y) coth(12) sJ0(4i(xy)12sinh 12 s)
_(2sinh 12 t) e
&2( y+z) coth(12) tJ0(4i( yz)12sinh 12 t).
The integral may accordingly be expressed as
(4sinh 12s sinh
1
2 t) e
&2x coth(12) se&2z coth(12) t
_| e&2y(coth(12) s+coth(12) t)J0(4i(xy)12sinh 12s)
_J0(4i( yz)12sinh 12t) dy.
The integral part of this expression may be evaluated from Weber’s second
integral, which after a change of variable takes the form
|

0
exp(& p2y) J&(ay12) J&(by12) dy= p&2 exp(&(a2+b2)4p2) I&(ab2p2),
valid in particular for &>&1 and p real. Substituting &=0,
p2=2(coth 12s+coth
1
2 t), a=4ix
12sinh 12s, b=4iz
12sinh 12 t,
and the integral part of the expression attains the form
[2(coth 12s+coth
1
2 t)]
&1 exp[[16x(sinh 12s)
&2
+16z(sinh 12 t)
&2]8(coth 12s+coth
1
2 t)]
_I0[&16(xz)124 sinh 12s sinh
1
2 t(coth
1
2s+coth
1
2 t)].
Setting coth 12s+coth
1
2 t=A and sinh
1
2s sinh
1
2 t=B, the total expression
becomes, after some simplifications,
e&2(x+z) coth(12)(s+t)A&1(2B) J0(4i(xz)12AB),
which is seen to further coincide with Ks+t(x, z).
The same argument provides an interpretation of Weber’s equation for
positive integral values of &, when applied to the higher discrete representa-
tions of G, which are considered next.
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5. HIGHER DISCRETE SERIES REPRESENTATIONS
The above treatment of U1 extends with slight modifications to the discrete
series representations U: of G for :>1 [2]. In particular, in momentum space
the Laguerre functions provide a K-finite basis and the invariant inner product
takes a simple explicit form.
Theorem 4. The U:(g) are pre-unitary on L: and the extension of U: to
the G-invariant Hilbert space completion H: of L: is a continuous unitary
representation of G (also denoted U:) having two irreducible components
U\: , with representation spaces H
+
: and H
&
: , which are spanned respectively
by the f (:)n with n0 and n&1.
If H denotes the self-adjoint generator of the one-parameter unitary group
[U:(g0(s)) | H+: ], and Re(s)>0, then e
&sH is a HilbertSchmidt operator,
whose kernel in momentum space (i.e., that of F&1e&sHF ) takes the form
K (:)s ( y, z)=2(sinh
1
2 s)
&1 (xy) (12): exp[&2( y+z) coth 12s]
_J:(4i( yz)12sinh 12s).
Lemma 4.1. The Fourier transform of B(n+:, n) f (:)n (x) is the following
modified Laguerre function: 21&:(&1)n I (:)n (4y).
Proof. The generating function
F(x, w)=: B(n+:, n) f (:)n (x) w
n
is simply summed to (1&w( 12 ix&1)(
1
2 ix+1))
&(1+:)( 12 ix+1)
1+:. This
may be simplified to [ 12 ix(1&w)+(1+w)]
&1&:. The Fourier transform of
this function is readily evaluated from the basic integral  eixy(x+q)&1 dx
=2?ie&yq as
[(2?)12 21+:(1&w)&1&:: !] y: exp[&2y(1+w)2(1&w)].
On the other hand, the generating function of the Laguerre functions is
 l (:)n (x) w
n=(1+w)&1&: y:e&y[(1&w)2(1+w)]. Equating the respective
coefficients of wn, the lemma follows.
Lemma 4.2. U: admits the invariant metric
((p, q))=| P( y) Q( y)* y&: dy#(P, Q) : ,
where P and Q are the Fourier transforms of p and q.
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Proof. The indicated metric is invariant under the subgroup U:(g0(s)),
since the f (:)n are eigenfunctions for this subgroup, and the inner products
of the Fourier transforms of these eigenfunctions form an orthonormal
set in L2(R, y&: dy), in consequence of the orthogonality of the Laguerre
polynomials. In addition, the metric is invariant under the group U:(g1(s)),
since this acts on the Fourier transforms as multiplication by eisy. Invariance
under all of G follows from the fact that these two subgroups generate G.
Lemma 4.3. Denoting the completion of L: with respect to the metric of
Lemma 4.2 as H: this space splits under the action of U: into two irreducible
components, consisting respectively of the positive- and negative-frequency
functions in H: .
Proof. From the argument used to prove Lemma 4.2 it is clear that the
positive-and negative-frequency subspaces are invariant. A simple variant
of the argument given for Lemma 1.2.3 shows that U: is irreducible on each
subspace.
To complete the proof of Theorem 4, we use Theorem 3.1 of [18] as
above. K
6. EXTENSION OF WAVE FUNCTIONS IN ONE DIMENSION
The simplest equation in one dimension is [&i(ddx)+m] f=0, whose
solution is f (x)=ce imx, where c is a constant. Naively, the function f (x)=
eimx on R corresponds via the G-covariant conformal imbedding of R into
S1 (which represents the compactification of R) to the function g(%)=
exp[2im tan 12%] on S
1(% # R mod 2?). The function g(%) is not locally
integrable and thus more singular than a distribution.
However, in order to extend wave functions on Minkowskian spaces in
an invariant fashion, account must be taken of the (nonzero) conformal
weight appropriate to massive wave equations. Thus, eimx should be regarded
as a vector in a bundle cross-section space; more specifically, it will be seen,
it may be formulated as a vector in the dual space of analytic vectors for
the corresponding group representation.
This approach will correlate a given wave function (or equation) in
configuration space M0 with an extension to the universal cover M of the
conformal compactification M , by associating it with two representations
of G that are unitarily equivalent via a local transformation. We use the
terminology of [8]; cf. the 1-dimensional case of pp. 116118.
Lemma 5.1. Let G$ denote the group SU(1, 1), and let its actions on
S1: z  (azb)(czd ) be denoted as z  gz (g=[a, b, c, d] # G$ z # S 1). Let
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U 1 denote the scalar representation of G of conformal weight 12. Then U1
and U 1 are unitarily equivalent via the local and unitary operator T from
L2(R) to L2(S1) associated with the mapping T: x  % from R into S 1 given
by the equation
ei(?&%)=(1+ 12 ix)(1&
1
2 ix).
Proof. We may now lift up functions on the compactification M (here
represented as S1), to functions on the universal cover M tR* by
periodicity. U 1 may then be correspondingly lifted up to a representation
U 1 of the universal cover G of G which is trivial on the center of G , which
is generated by the transformation ‘: %  %+2?. Such liftups are involved
in scattering theory.
By unitary equivalence, any analytic vector for the representation U1 of G
corresponds to a unique analytic vector for the representation U 1 of G . K
The following result is well known, but in the apparent absence of a
reference a proof will be given.
Lemma 5.2. Any analytic vector for g0( } ) is analytic for all of G.
Proof. The quadratic Casimir (hence central) element Q of the envelop-
ing algebra of the Lie algebra of G maps into an essentially self-adjoint
operator on the domain of all C vectors for U [12a]. Let X0 denote the
generator in the Lie algebra G of the group g0( } ). It is well known that
there exist generators X1 and X2 in G such that Q=&X 20+X
2
1+X
2
2 . If
K=X 20+X
2
1+X
2
2 , then K=Q+2X
2
0 , whence K and C+2X
2
0 are carried
into the same operator in this representation. The lemma now follows from
analytic vector theory [6].
By a dual analytic vector we mean a continuous linear functional on the
analytic vectors in the topology in which xn  x means that exp(=Xj) xn
 exp(=Xj) x in the underlying Hilbert space for all sufficiently small =. We
topologize the dual analytic vectors by the weak topology in which vn  v
means that vn(x)  v(x) for all x in the space A of analytic vectors. We also
write v(x), where v in the space A+ of dual analytic vectors and x is in A
as (x, v) on occasion. See Goodman [4].
The fact that exp(imx) is identifiable with a dual analytic vector, relative
to representation U1 of the group G indicates the greater coercive power
of the generator of the group g0( } ) over that of the generator of the group
g1( } ), since it follows from Fourier analysis that this would not be true for
the latter group.
That exp(imx) is a dual analytic vector relative to G means effectively
that for s>0, exp(&s |H| ) exp(imx) can be given meaning as an element
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of H. In contrast, in any reasonable sense exp(&s |H0 | ) exp(imx)=const.
exp(imx), which is not in H.
Example. Let m and s be positive numbers, and let w be arbitrary
in H. Then ‘‘ exp(imx) e&s |H|w(x) dx’’, defined as
lim
j   | pj (x) exp(imx) exp(&x |H| ) w(x) dx,
where [ pj] is any sequence of probability densities that converges to the
delta distribution, is bounded by const. &w&2 . Thus exp(imx) determines a
dual analytic vector relative to the representation U1 of G.
To prove this, it suffices to establish the corresponding result in each of
the G-invariant components H\ of H. Because of symmetry between these
components, we may limit consideration to the case of H+. The kernel for
exp(&sH) in H+, where s>0, in momentum space, is given above. The
integral
| p j(x) exp(imx) exp(&sH) W(s) dx
takes the corresponding form in momentum space
| q7j ( y) Ks(x, y) w( y) dy dx,
where qj (x)= pj (x) eimx. As j  , q7j ( y))  $( y&m), whence the limit of
these integrals takes the form  Ks(m, y) w( y) dy. The asymptotics as |z|  
of J0(iz) (z # R) shows that Ks(m, y) is square-integrable as a function of y,
whence | Ks(m, y) w( y) dy|const. &w&2 .
In [1] it was shown that the scattering transformation for a class of
massless wave equations can be represented in M by the action of ‘ on the
fields in question. That this remains effectively the case in suitable massive
cases is exemplified by the one-dimensional situation, which is as follows.
An appropriate function space in which to consider both the free equation
[&i(ddx)+m] =0 and the perturbed equation [&i(ddx)+m+V(x]
=0, where V(x) is a given bounded and integrable function, is obtained
by taking H as the Cauchy data space for both equations. The evolution
of the perturbed equation remains continuous in this space. The evolution
from s to t for the free equation takes the form exp[&im(t&s)], while that
for the perturbed equation takes the form exp[&i ts [m+V(x)] dx]. The
net effect of the interaction in the time from s to t is therefore the operation
of multiplication by exp[i ts V(x) dx], which has the limit exp[&i  V(x) dx].
566 SEGAL AND ZHOU
File: DISTL2 324118 . By:CV . Date:18:05:98 . Time:11:00 LOP8M. V8.B. Page 01:01
Codes: 2982 Signs: 2120 . Length: 45 pic 0 pts, 190 mm
This is equivalent to the effect of time evolution through 2? for the perturbed
equation, i.e., the total action of the ‘ modulo its action on the free equa-
tion. In summary,
Let V(x) be an arbitrary bounded and integrable function. Then the
scattering transformation for the perturbation of &i(ddx)+m by V(x) can
be represented on S1 by the corresponding action of ‘ (modulo the free action).
In higher dimensions, however, the distinction between Minkowski and
chronometric temporal evolution must be taken account of, and we do not
enter here into the further analysis required for the deduction of the two-
dimensional analog of this result from the following treatment of the Klein
Gordon equation.
7. THE KLEINGORDON EQUATION
Let M0 denote 2-dimensional Minkowski space, with the usual coor-
dinates x0 and x1 , and corresponding characteristic parameters u=x0+x1
and v=x0&x1 . The conformal imbedding J of M0 into M , which we
represent as R_S1, takes the following form, where t denotes the time
coordinate in M (which when represented as R_S1 is the ‘‘two-dimensional
Einstein Universe’’); and \ denotes the space coordinate (in radians) on S1,
with zero points chosen so that (0, 0) maps into (0, 0): (x0 , x1)  (t, \);
x0=2 sin t(cos t+cos \), x1=2 sin \(cos t+cos \).
It follows that
u=2 tan 12 (t+\), v=2 tan
1
2 (t&\).
Chronometric time evolution T(s) takes the form (t, \)  (t+s, \), which
in terms of u0 and u1 takes the form D(s): (u, v)  (|(u), |(v)), where
|(u)=(u+s$)(1&12us$) and s$=2 tan 12s. Note that in order for T(s) to
carry a given point of M0 into another point of M0 , rather than merely
into M , |s| must be restricted to a finite range that depends on the point
of M0 .
We denote the energy and momentum, i.e., dual quantities to x0 and x1 ,
as k0 and k1 , and set p=k0+k1 , q=k0&k1 . A finite-energy solution
,(x0 , x1) of the KleinGordon equation I ,+m2,=0 is the inverse Fourier
transform of a distribution of the form $( pq&m2) f1( p, q), for some
measurable function f1( p, q). Our aim is to show that , determines, via its
inner product with analytic vectors, a dual analytic vector for the action
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of the conformal group G on M0 . This group G is isomorphic to SU(1, 1)
_SU(1, 1). The corresponding representation U1 is the (external) tensor
product U1_U1 (see [7]).
To show that , determines in the sense described above an analytic vector
for the representation U1 means effectively to show that |(,, e&s |H|w) |
Cs&w& for all s>0 and w in H, where H denotes the self-adjoint generator
of the one-parameter unitary group U1(g0 (s)), where g0 (s)= g0(s)_g0(s),
g0(s) denoting the one-dimensional transformation above. As above, it
is no essential loss of generality to restrict consideration to one of the
G-invariant subspaces, H\ of L2(M0 ) on which the spectrum of H is semi-
bounded (\), say H+. The inequality in question then takes the form, in
the momentum space representation,
} | $( pq&m2) f1( p, q) Ks( p, p$) Ks(q, q$) w( p$, q$)}Cs &w&2 ,
where Cs is a constant. More precisely, ,(x) should be approximated by its
products with a sequence tending to the delta distribution as above; however,
the same procedure as that in the one-dimensional case reduces this to the
indicated inequality. This in turn is tantamount to the existence and square-
integrability of
F( p$, q$)#|
pq=m2
f ( p) Ks( p, p$) Ks(q, q$) d+( p),
where d+( p) denotes the element of Lorentz-invariant measure on the
hyperbola pq=m2 and f ( p)= f1( p, q); more explicitly, d+( p)= p&1 dp.
Hence what is finally in question is the square-integrability of
F( p$, q$)=|

0
f ( p) Ks( p, p$) Ks(m2p, q$) p&1 dp.
Taking absolute values and using the estimate (e.g., [19]) J0(ix)=
O( |x|&12 exp( |x| ) for |x|  , and the inequality ( pq)&12 12 ( p+q), it
follows that
|F( p$, q$)|C$s |

0
exp(&12 ( p+ p$) =) exp(&
1
2 ( p
&1m2+q$) =) f ( p) p&1 dp,
where ==[(cosh 12s&1)sinh
1
2 s]. Thus
|F( p$, q$)|C$s exp[&12 ( p$+q$) =] |

0
exp[&12( p+ p
&1m2) =] f ( p) p&1 dp.
Hence the square-integrability of F( p, q) is implied by the convergence of
the integral on the right; this in turn is valid if 0 | f ( p) |
2 dp is finite. This
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expression, however, is the conformally invariant norm of ,, in terms of
which normalizability is defined. We may summarize by
Theorem 5. If , is any normalizable solution of the KleinGordon equa-
tion on M0 there is a corresponding dual analytic vector F on M , with the
property that if s>0, then (,, exp(&s |H| ) h)=(exp(&s |H| ) F , h$) for
all h in L2(M0 ), where the latter inner product refers to the integral over one
period, and h$ denotes the ‘-periodic extension of h to all of M .
The vector F : (i) is invariant under ‘; (ii) satisfies the KleinGordon equa-
tion, as invariantly transferred to M via the equivalence of U1 and U 1 ; (iii)
for any ‘-periodic analytic vector , (,, ) =(, 7 ,  7 ) , where the super-
script 7 denotes the momentum-space form of the indicated wave function.
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